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Abstract 

This paper is about the orbifold theory for vertex operator superalgebras. Given 
a vertex operator superalgebra V and a finite automorphism group G of V, we show 
that the trace functions associated to the twisted sectors are holomorphic in the 
upper half plane for any commuting pairs in G under the C2-cohnite condition. We 
also establish that these functions afford a representation of the full modular group 
if V is C2-cofinite and ^-rational for any g G G. 

1 Introduction 

Modular invariance of trace functions is fundamental in the theory of vertex operator alge- 
bras and conformal field theory (see for example [B2], [DVVV], [DLM3], [FLM3],[H],[Hu], 
[M2], [MS], [V], [Z]). Many important results such as the existence of twisted sectors 
in orbifold theory, the Lie algebra structure of weight one subspace of a good vertex 
operator algebra, and classification of holomorphic vertex operator algebras with small 
central charges can be obtained by studying the modular invariance property of 1-point 
functions on torus (see [DM1], [DM2], [Mo], [S]). The modular invariance of trace func- 
tions associated to modules for an arbitrary rational vertex operator algebra was first 
established under the C2-cofmite condition in [Z]. This work was extended in [DLM3] to 
include a finite automorphism group of the vertex operator algebra. There were further 
generalizations in [Ml], [M2], [Y]. 

Partially motivated by the generalized moonshine conjecture [N], the trace functions 
associated to twisted modules for a vertex operator algebra V and a finite automorphism 
group G was studied in [DLM3]. Under some finiteness conditions on a rational vertex 
operator algebra V, among other things, the precise number of inequivalent, simple g- 
twisted U-modules was determined and the modular invariance (in a suitable sense) of 
the 1-point functions on torus associated to any commuting pairs in G was established. If 
V is holomorphic, the existence and the uniqueness of the twisted sector for each g G G 
was obtained. The important case in which V = is the moonshine vertex operator 
algebra [FLM3] and G is the monster simple group [G] plays a special role in a proof 
of several parts of the generalized moonshine conjecture [DLM3] except the genus zero 
property. Also see [T1],[T2] and [T3] on the generalized moonshine conjecture. 
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In this paper we present a general theory of modular invariance of trace functions 
associated to twisted sectors for a vertex operator superalgebra V and a finite automor- 
phism group G. Note that V has a canonical central automorphism o arising from the 
superspace structure of V, which is crucial in formulating the main results in this paper. 
Let G be the group generated by G and a. We now explain the main results in details. 

Let g G G have order T and erg have order T' . Then a simple erg-twisted module 
M = (M, Y M ) has a grading of the shape 

oo 

M = 0M A+n/T (1.1) 

71=0 

with M\ ^ for some complex number A which is called the conformal weight of M (see 
Section 4 and [DZ]). One basic result in [DZ] is that if V is ^-rational there are only 
finitely many simple ag-twisted ^-modules up to isomorphism. As in [DLM3], for any 
h G G we can define a /i<7g/i _1 -twisted module h o M so that h o M = M as vector spaces 
and Y hoM (v,z) = Ym(^ -1 ^, z) (see Section 6). M is called /i-stable if M and ho M are 
isomorphic. As a result the stabilizer of M in G acts projectively on M, denoting by <fi. 
Let v G V and M be er/i-stable. We set 

oo 

T M (v, (g, h),q) = g A " c / 24 £ tr MAWT (o(*#(^)),f ^ (1.2) 

n=0 

where 1m(-u, z) = Y^ me i z f (m)^ - " 1-1 and o(f ) = w(wtv — 1) induces a linear map on each 
homogeneous subspace of M. We extend the notation Tm{v, (g, h), q) to all v G V linearly. 

As in [Z], there is another vertex operator superalgebra structure on V (see Section 
3). If the original vertex operator superalgebra is defined over sphere, the second ver- 
tex operator superalgebra can be regarded as defined over a torus. We will denote the 
corresponding weight by wt[i>]. Here are our main results on the modular invariance. 

Theorem 1 Suppose that V is a C 2- co finite vertex operator superalgebra and G a finite 
group of automorphisms of V. 

(i) Let g,h G G and M be a simple, oh-stable, ag-twisted V -module. Then the trace 
function T M (v,(g,h),q) converges to a holomorphic function in the upper half plane fj 
where q = e 2ntT and r G f). 

(ii) Suppose in addition that V is x-rational for each x G G. Let v G V satisfy 
wt[i>] = k. Then the space of (holomorphic) functions in () spanned by the trace functions 
Tm(v, (g, h),r) for all choices of g,h in G and ah-stable M is a (finite- dimensional) 
<SX(2, Z) -module such that 

T M \^(v, (g, h),r) = (cr + d)~ k T M (v, (g, h), 7 r), 

where 7 G SL(2, Z) acts on f) as usual. 

More precisely, ^/7 = ^^ 5X(2,z) then we have an equality 

T M (v,(g,h),^±^-) = (cr + d) k J2lM,wTw(v,(9 a h c ,g b h d ),T), 
ct + a w 
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where W ranges over the a g a h c -twisted sectors which are g b h d and a -stable. The constants 
1m,w depend only on M, W and 7 only. 

Theorem 2 Let V be a C2-cofinite and a -rational vertex operator superalgebra. Let 
{M 1 , ...,M n } be the inequivalent a-twisted V -modules which are a-stable. Then for any 

7 = ^ ^ ^ ^ in SL{2, Z) there are constants 7^ for 1 < i, j < n such that for any v G V 

with wt[v] = k, 

T Mi (v, (1, 1), ^±^) = (cr + d) k f; ll3 T MJ (v, (1, 1), r). 

CT "T GE J=l 

It is important to point out that Theorem 2 is an analogue of the main theorem in [Z] . 
In fact, if V\ — then V is a vertex operator algebra and a = idy. In this case, Theorem 
2 reduces the main theorem in [Z]. In particular, the space of characters of irreducible 
^-modules is invariant under the action of the modular group. But if V\ 7^ the space of 
characters of irreducible V-modules is no longer invariant under the action of the modular 
group. However, the space of a-trace on a-twisted sectors is modular invariant. So the 
automorphism a plays a fundamental role in the study of modular invariance for vertex 
operator superalgebra and its orbifold theory. This will be illustrated in Section 9 with 
examples. 

There is an assumption in both Theorems 1 and 2 on twisted modules. That is, the 
twisted modules are required to be a-stable. There are examples in which irreducible a- 
twisted modules are not a-stable. So these modules which are not a-stable are excluded 
in the discussion of modular invariance. To include these modules, one can use the 
Theta group Tg = T(2) U r(2)S f instead of the full modular group SL(2, Z). Here T(2) is 
the congruence subgroup of SL(2, Z) consisting of elements which are congruent to the 

identity modulo 2 and S = ^ ^ ^ ^ . In fact if G = 1 this has been done in [H]. The 

a does not play any role in this approach. 

Again Let G be a finite automorphism group of V and g e G. Let M be a simple 
g-twisted l^-module. Let Gm be the stablizer of M in G. Then M is fa-stable for any 
h G Gm and Gm acts projectively on M. As before we use to denote the projective 
representation. For h e Gm and v G V set 

F M (v, (g, h),q) = tT M o(v)<P(h)q L ^- c l 2A . 

The analogue of Theorem 1 is the following which extends the modular invariance 
result in [H] to the orbifold theory. 

Theorem 3 Suppose that V is a C2-cofinite vertex operator superalgebra and G a finite 
group of automorphisms of V. 

(i) Let g,h G G and M be a simple, h-stable g-twisted V -module. Then the trace 
function F M (v, (g, h), q) converges to a holomorphic function in the upper half plane f). 
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(ii) Suppose in addition that V is x-rational for each x e G. Let v e V satisfy 
wt[v] = k. Then the space of (holomorphic) functions in f) spanned by the trace functions 
F M (v, (g,h),r) for all choices of g,h in G and h-stable M is a (finite- dimensional) T e - 

module. That is, if 7 = ^ ^ ^ j G then we have an equality 

F M (v,(g,h),^^-) = (cr + d) k Y,lM,wF w (v,(g a h c ,g b h d ),T), 
ct + a w 

where W ranges over the g a h c -twisted sectors which are g h h d -stable. The constants 7m,vk 
depend only on M, W and 7 only. 

This paper is a super version of the theories developed in [DLM3] . The main ideas and 
the broad outline of our proof follow from those in [DLM3], [Z] and [H]. Two important 
results on ^-rationality and the associative algebras A g (V) in [DZ] (also see Section 4) 
also play basic roles in this paper. If V is g-rational, then A g (V) is semisimple and 
the category of ^-modules and the category of finite dimensional A g (V) -modules are 
equivalent. Furthermore there are finitely many irreducible (/-twisted modules. These 
results enable us to prove that the space of 1-point (g, h) functions is finite dimensional. 
In fact, from the proof of the main results in this paper one can see that we only need the 
assumptions that V is C 2 -cofinite and A g (V) is a semisimple associative algebra. Although 
there are a lot of expectations on the relation among rationality CVcofiniteness, the 
semisimplicity of A g (V), we cannot remove either the CVcofinite condition or the A g (V) 
semisimplicity condition. 

This paper is organized as follows. In Section 2 we review several family of modular 
functions and elliptic functions, and their transformation laws following [DLM3]. Section 
3 is about the definition of vertex operator superalgebra and vertex operator superalgebra 
on torus. In Section 3 we define weak, admissible and ordinary (/-twisted module for a 
vertex operator superalgebra V and a finite order automorphism g. We also present the 
main results concerning the associative algebra A g (V) and ^-rationality. We define the 
space of abstract 1-point (g, /i)-functions in Section 5 and establish that the elements in 
the full modular group transform the space of 1-point (g, h) functions to another space 
of 1-point functions. We also discuss the shapes of g-expansions of the 1-point functions 
and prove that these functions satisfy differential equations with regular singularity. This 
leads us to the definition of formal 1-point (g, h) functions. Sections 6 and 8 are the key 
sections in this paper. We show in Section 6 that the cx/i-trace on erg-twisted modules 
produce 1-point (g, ft,) -functions. In fact, the inequivalent simple ag-twisted modules give 
linearly independent 1 point functions. In Section 8 we show that if V is erg-rational 
then the space of 1-point (g, h) functions has a basis consisting of the a/i-trace on the 
inequivalent simple ag-twisted modules. We also give several important corollaries in 
Section 8 concerning the rationality of the central charges and the conformal weights of 
simple g-twisted modules. In Section 9 we present the modular invariance result on Tq. We 
give an existence result on the twisted sectors in Section 7 and discuss several examples 
in Section 10 to illustrate the main theorems. 
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2 P-functions and Q-functions 

In this section , we review some properties of the P— functions and Q— functions following 
[DLM3]. These functions will be used extensively in later sections. 

Recall that the modular group T = SL(2, z) acts on the upper half plane f) = {z G 
C\imz > 0} via Mobius transformations 

(ab\ er + b 
\c d ) cr + d 

T also acts on the right of S* 1 x S* 1 via 

b d ")=(n a \ c ,H b \ d ). (2.2) 

Let /j, = e 2nij/M and A = e 27Til/N for integers j, l,M,N with M, N > 0. For each integer 
k — 1, 2, • • • and each (//, A) we define a function on C x \) as follows 

P k fa,\,z,q T ) = P k fa,\,z,T) = j jr -^ £ Y^hl ( 2 - 3 ) 

In the above equation, q x = e 2mx and J]' means omit the term n = when (//, A) = (1,1). 
Then P k converges uniformly and absolutely on compact subsets of the region \q T \ < \q z \ < 
1. We have the following transformation properties (see Theorem 4.2 of [DLM3]). 

Theorem 2.1 Suppose that (/J, A) ^ (1,1). TTien the following equalities hold: 

p k(^ \ rj, 7^) = (cr + d) k P k ((n, A) 7 , 2, r). 

cr + a 

/„ra« T =(° J) 6 r. 

In order to define Q— functions we need to recall the Bernoulli polynomials B r (x) G 
Q[x] which are determined by 

te tx _ ~ B r (x)t r 



1) ^ r\ 



For example, -Bo(^) = 1, Bi(x) — x — |, B 2 (x) = x 2 — x + |. 

For (u, A) = (e - ^, e 5 ^) and (w, A) 7^ (1, l),when fc > 1 and G Z, we define 



Q k (fx,\,q T ) = Q k (fj,, A,r) 



i ^ A(n + jlMf- x q™+il M 



(fc-l)'nVo 1-Ag^' /M 
(~l) fc v \- 1 {n-j/M) k -^- ilM _ BkU/M) (2 4 v 

(fc - 1)! l-A-V n ~ j/M fc! ' 
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Here (n + j/Mf' 1 = 1 if n = 0,j = and k = 1. Similarly, (n - j/Mf' 1 = 1 if 
n — 1, j — M and fc = 1. We also define 

Q (/i,A,r) = -l. (2.5) 

Here are the transformation properties of Q-functions (see Theorem 4.6 of [DLM3]). 

Theorem 2.2 If k > £/ien Q k (/i,X,T) is a holomorphic modular form of weight k. If 

g fc (/i, A, 7r) = (cr + d) k Q k ((/2, A)7, r). 

For the further discussion we also define P— functions. Again we take jx = e 2m H M and 
A = e 2 ™ l / N . Set for k > 1, 

1 ' n k ~ l z n 

P k (n,X,z,q T ) = P k (Li,X,z,r) = jr — — ]T — (2.6) 

y K ~ l >- nej/M+Z 1 ~ A( lr 

with 

Po = 0. (2.7) 
Then we have (see Proposition 4.9 of [DLM3]): 

Proposition 2.3 If m e Z, n = e 2nij ^ M , k > and (/i, A) ^ (1, 1), then 
Q k (n, A, r) + 1^(1 - m + j/M) 

Z l m-j/M _.- m +i/M / . \ Z l 



Res * E 4r^r J ' /M ^ m+j/M n(M, A, ^, r) 



vs>0 



We also recall the Eisenstein series of weight k for even k > 3 : 
G*(r)= E' 1 

mi,m2£Z 



[m\T + ?7l2) fc 



= (M) .(z^ + _|_f (2 . 8 ) 

where o k -\{n) = Sdin^ fe_1 - For this range of values of k, G k {r) is a modular form on 
SL(2,Z) of weight k. We will use of the normalized Eisenstein series 

Ek{T) = _l_ Gi(T) = + _2_ £ ff4 _ l(nW . (2 . 9) 

for even k > 2. Note that -E^r) is not a modular form but it is a well defined holomorphic 
function in < \q\ < 1. 
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3 Vertex operator superalgebras 

In this section we recall the definition of vertex operator superalgebra (cf. [Bl], [DL], 
[FLM3]). We also study another vertex operator superalgebra structure on torus following 
[Z] to give the modularity result in later sections. 

Let V — Vq © V\ be any Z2-graded vector space. The element in Vq (resp. V\) is called 
even (resp. odd). For any v G Vj with % — 0, 1 we define v — %. For convenience, we let 
e u , v = (-1)™ and e v = 

Definition 3.1 A vertex operator superalgebra (VOSA) is a quadruple (V, Y, 1, a;), where 
V — Vq © V\ is a 7L 2 -graded vector space, 1 E Vq is the vacuum of V, u G V 2 is called 
conformal vector of V, and Y is a linear map 

V ^{E^V)[[z,z-\ 

v^Y{v,z) = Y J v{n)z~ n ~ l (v(n) G End V). 

satisfying the following axioms for u, v G V : 

(i) For any u,v & V, u(n)v = for sufficiently large n, 

(ii) Y{l,z)=Id v , 

(m)Y(v,z)l = v + Y Jn >2<-n)lz n '\ 

(iv) The component operators ofY(u,z) = J2 n &L(n)z~ n ~ 2 satisfy the Virasoro algebra 
relation with central charge c G C : 

[L(m), L(n)} = (m - n)L(m + n) + j^( m3 - m )S m +n,oC, (3.1) 



and 



dz 

(v) The Jacobi identity for Z 2 -homogeneous u,v EV holds, 



£(0)k =n, nGZ (3.2) 
d Y(v,z)=Y(L(-l)v,z), (3.3) 



— ) Y(u, zi)Y(v, z 2 ) - e u , u z Q l 5 ( — ) Y(v, z 2 )Y(u, z ± ) 

Zq J \ —Zq J 

= ^ S (^Z^j Y(Y(u,z )v,z 2 ) 



(3.4) 



where 8{z) = X^ez z n an d ( 

Z^ Z j J %s expanded as a formal power series in Zj. Throughout 
the paper, zq,zi,z 2 , ect. are independent commuting formal variables. 



As in [Z], we also define a vertex operator superalgebra on torus associated to V. Set 
u = oj — ^ and 

Y[v, z] = Y(v, e z - l)e zwtv = ]T v[n] Z - n - 1 (3.5) 

nGZ 

for homogeneous v G V. Following the proof of Theorem 4.21 of [Z] we have 
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Theorem 3.2 (V, Y[ ], l,u>) is a vertex operator superalgebra. 

Here we compute v[m]. Using a change of variable we calculate that 

v[m\ = Res z Y[v,z]z m 

= Res z Y[v, log(l + z)](log(l + z)) m (l + z)' 1 

i.e., 

v[m] = Res z Y(v, z)(\og(l + z)) m (l + z) wtv -\ (3.6) 
For integers i,m,p with i,m > 0, define numbers c(p,i,m) by two equivalent ways: 

(p — 1 + z\ 



J2c(p,t,m)z m . (3.7) 



It is easy to see that 



where, 



If m > then 



In particular, 



Write 



One can verify that 



1 ) m=0 



oo 

m! J] c(p, i, m)^ = (log(l + ^)) m (l + .j)^ 1 (3. 



log(l + *) = £ { ~ J —z n . (3.9) 

n=l 71 



v [m] = m\ c(wtv, i, m)v(i). (3.10) 



i=o V 2 / 

y^^^Lln]^ 2 . (3.12) 

nez 



L[-2]= W [-1]-^ (3.13) 
L[-l] = L(-1)+L(0) (3.14) 

L[0]=L(0) + £ ^—Mn). (3.15) 

If v e V is homogeneous in (V, Y[ ], 1, u), we denote its conformal weight by wt[v]. 

Definition 3.3 An automorphism g of vertex operator algebra V is a linear automor- 
phism ofV preserving 1 and uj such that the actions of g andY(v,z) on V are compatible 
in the sense that 

gY(v,z)g- 1 = Y(gv,z) 

for v G V. 
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Note that an automorphism preserves each homogeneous space V n and thus each Vj. 
There is a special automorphism a of V with o~\Vi= (— l) 1 associated to the superspace 
structure of V. Then o is a central element in the full automorphism group Aut(V). As 
we will see later that a plays a fundamental role in formulating the modular invariance 
of trace functions. 



4 Twisted Modules for VOSA 

The twisted modules are the main objects in this section. In the case of vertex operator 
algebras, the twisted modules are studied in [D], [DLM2], [FFR] , [FLM2], [FLM3], [L]. 
We will follow [DLM2] and [DZ] in this section. In particular, we will introduce the notion 
of weak, admissible and ordinary twisted modules. We also present the associative algebra 
A g {y) associated to a vertex operator algebra V and a finite order automorphism g and 
related consequences. 

Let (V, 1, cu, Y) be a VOSA and g an automorphism of V of finite order T. Let T' be 
the order of go. Then we have the following eigenspace decompositions: 

V = (Brez/T>zV r * (4.1) 

V = (Brez/TzV r (4.2) 

where V r * — {v G V\gav = e ~ 2 ™'l T ' v } and V r = {v G V\gv = e" 2 ™' l T v) . We now can 
define various notions of g- twisted modules (cf. [DZ]). 

Definition 4.1 A weak g-twisted V -module is a C-linear space M equipped with a linear 
map V —> (EndM)[[2 1 / T , z _1 / T ]], v i— > Y M (v,z) = Y Jn m v ( n ) z ^ n ~ 1 satisfying: 

(1) For v G V,w G M, v(m)w = if m » 0, 

(2) Y M (l,z) = Id v , 

(3) For v G V r , and < r < T - 1, 

Y M (v,z)= v(n)z~ n ~ l for v G V r , 

n£r/T+Z 

(4) The twisted Jacobi identity holds: 

z^S ( — — — ) Y M (u,z 1 )Y M (v,z 2 ) - e UyV z^ l 5 ( — — — ) Y M (v, z 2 )Y M (u, z x ) 

° / s-r/T / x V ~ Z ° J (4.3) 

_i/^i-2o\ 7 1 x fzi-z \ K J 

= z 2 y — J 5 y — J Y M (Y(u, z )v, z 2 ) 

ifue V r . 

Note that (4.3) is equivalent to the following: 

Res Zl Y M (u, zi)Y M {v, z 2 )z[ ,T (z 1 - z 2 ) m zl 

-e u , v Res Zl Y M (v, z 2 )Y M (u, z 1 )z[ /T (z 1 - z 2 ) m z 2 
= Res Zl _ Z2 Y M (Y(u, z 1 - z 2 )v, z 2 )l z ^ Zi _ Z2 z[ /T {z 1 - z 2 ) m z 2 (4.4) 
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for m G Z,n G C, where L Z2tZl _ Z2 z[ /T = E m >o (tf)^ - z 2 ) m . 
Set 

Y M (LU,z) = J2L(n)z- n - 2 . 

ragZ 

Then Ym(L(— l)z, v) = ^Y M (v,z) for v £ V and the operators L(n) satisfy the Virasoro 
algebra relation with central charge c (cf. [DLM1], [DZ]). 

Definition 4.2 An admissible g-twisted V -module is a weak g-twisted V -module M which 
carries a j^Z-grading 

M= M(n) (4.5) 

such that 

v(m)M(n) C M(n + wto - m - 1) (4.6) 

/or homogeneous v G V. We may and do assume that M(0) 7^ if M ^ 0. 

Note that an admissible ^-module M is ^-Z-graded instead of |;Z-graded as V is 
^Z-graded. 

Definition 4.3 ^4n (ordinary) g-twisted V -module M is a C-graded weak g-twisted V- 
module 

M = U M x (4.7) 

Aec 

where M\ = {w G M|L(0)u> = Aw} snc/i that dim Ma is finite and for fixed A, Mb. +x = 
for all small enough integers n. 

It g — 1 we have the notion of weak, admissible ordinary ^-modules. It is not hard 
to prove that any ordinary g-twisted K-module is admissible. 
If M is a simple o-twisted V-module, then 

00 

M = 0M A+n/T , (4.8) 

n=0 

for some A G C such that M\ 7^ (cf. [Z]). We define A as the conformal weight of M. 

Definition 4.4 (1) A VOSA V is called rational for an automorphism g of finite order 
if the category of admissible modules is semisimple. 

(2) V is called g-regular if any weak g-twisted V -module is a direct sum of irreducible 
ordinary g-twisted V -modules. 

It is clear that a o-regular vertex operator superalgebra is o-rational. 
The following theorem is proved in [DZ]. 
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Theorem 4.5 Let V be a VOSA and g an automorphism of V of finite order. Assume 
that V is g -rational. Then 

(1) There are only finitely many irreducible admissible g-twisted V -modules up to iso- 
morphism. 

(2) Each irreducible admissible g-twisted V -module is ordinary. 

Now we review the A g (V) theory [DZ]. Let V r * be as in (4.1). For u G V r * and v G V 
we define 

(1 + Z ) wtu ~ 1 + S r + lfT 

uo g v = Res 2 - —— Y(u,z)v (4.9) 



z 



„.,„=( B^M",*) 1 ^) = * (4.10) 
y { if r > 0. 

where 5 r — 1 if r = and 8 r = if r ^ 0. Extend o 3 and * g to bilinear products on V. 
We let O s (V^) be the linear span of all u o g v. Then the quotient A g (V) = V/O g (V) is an 
associative algebra with respect to * g . 

Let M be a weak a^-twisted V^-module. Define 

Q(M) = {w G M|u(wtu - 1 + n)w = 0, m G V,n > 0}. 

For homogeneous w G V we set 

o(u) = u(wt« - 1) (4.11) 
We have the following Theorem (see [DZ]): 

Theorem 4.6 Let V be a VOSA together with an automorphism g of finite order, and 
M a weak g-twisted V -module. Then 

(1) Q(M) is an A g (V)-module such that v + O g (V) acts as o(v). 

(2) If M = J2 n >oM(n/T) is an admissible g-twisted V -module with M(0) ^ 0, then 
M(0) C Q(M) is an A g (V)-submodule. Moreover, M is irreducible if and only if M(0) = 
Q(M) and M(0) is a simple A g (V)-module. 

(3) The map M — > M(0) gives a 1-1 correspondence between the irreducible admissible 
g-twisted V -modules and simple A g (V) -modules. 

(4) IfV is g-rational then A g (V) is a finite dimensional semisimple associative algebra. 

Another important concept is the C2-cofinite condition (cf. [Z]). Set 

C 2 (V) = {u(-2)v\u, G V}. (4.12) 

V is called C 2 -cofinite if C 2 (V) has finite codimension. 

It is proved in [Li] and [ABD] that a vertex operator algebra V is regular if and only 
if V is C2-cofinite and rational. Using the the same proof we have 

Theorem 4.7 Assume that V is C 2 -cofinite. Then V is g-rational if and only if V is 
g -regular. 
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Here is another consequence of the C 2 -cofiniteness. 

Proposition 4.8 Suppose that V satisfies condition C2, and let g be an automorphism 
ofV of finite order. Then 

(1) The algebra A g (V) has finite dimension. 

(2) If Ag{V) 7^ then V has a simple g-twisted V -module. 

The proof of (1) is similar to that of Proposition 3.6 in [DLM3] and (2) follows from 
Theorem 4.6 (3). 



5 1-point functions on the torus 

We first introduce some notations which will be used in this section. V again is a VOSA 
and g,h G Aut(V) such that gh = hg. Let o(g) = T, o{h) = 71 be finite. 

Let A be the subgroup of Aut(V) generated by ga and ha, and iV = lcm(T, 71) be the 

exponent of A. Let T{T, 71) be the subgroup of matrices ^ ° ^ ^ in SL(2,Z) satisfying 

a = d = 1 (mod N), b = 0(mod T), c = 0(mod Ti), and M(T, 71) be the ring of holomor- 
phic modular forms on T(T, 71) with natural gradation M(T, T x ) = © fc > M fc (T, 71), where 
M k (T, 71) is the space of forms of weight k. From the Lemma 5.1 in [DLM3], M(T, T ± ) is 
a Noetherian ring which contains each E 2 kij), k > 2, and each Qk(fJ>, A, r), fc > for A 
a T-th., resp. 71-th. root of unity. 

Let V(T, 71) = M(T, Ti) £g> c V. For t> e V with gt> = /i _1 t> , hv = A _1 t> , we can define a 
M(T, 71)— submodule of V(r, 71), say 0(g, h) which consists of the following elements: 

v{0]w,weV,(fi,X) = (l,l) (5.1) 

00 

v[-2]w + E( 2A; - l ) E 2k(r) v[2k - 2]w, (/i, A) = (1, 1) (5.2) 

fc=2 

v,{v,n,\)± (1,1,1) (5.3) 

00 

2 Qfc(A*, A, r) ® - l]w, (/i, A) ^ (1, 1). (5.4) 

fc=0 

We have the following Lemmas as in [DLM3]. 

Lemma 5.1 Suppose V satisfies C2— cofinite condition. Then V(T,Ti)/0(g,h) is a 
finitely- generated M(T, Ti) -module. 

Lemma 5.2 If V is C2- cofinite, then for v G V, there is m G N and elements rj(r) G 
M(T, 71), < i < m - 1, such that 

m—l 

L[-2] m v + ]T n(T) L[-2fv G 0(g, h). (5.5) 

i=0 
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Definition 5.3 The space of(g, h) 1-point functions C(g, h) is a C-linear space consisting 
of functions 

S : V{T,T^ XHC 

satisfying the following conditions: 

(1) S(v,t) is holomorphic in r forv G V(T,Ti). 

(2) S(v, t) is C linear in v and for f G M(T, Ti), v G V, 

S(f®v,T) = f(r)S(v,T) 

(3) S(v,T) = 0ifveO(g,h). 

(4) If v G V with av = gv = hv = v, then 

oo 

S(L[-2]v, r) = dS(v, t) + J2 E 21 (t)S(L[21 - 2]v, r). (5.6) 

1=2 

Here dS is the operator which is linear in v and satisfies 

dS(v, r) = d k S(v, r) = ^~^S(v, r) + kE 2 (r)S(v, r) (5.7) 

for v G V [k] . 

The following result - modular transformation is the main property of 1-point func- 
tions. 

Theorem 5.4 For S G C(g, h) and 7 = ^ ^ ^d^j ^ ^ 7 we define 

S\>y(v, t) = S\ kl {v, r) = (cr + d)- k S(v, 7 r) (5.8) 

for v G Vjfc], and extend linearly. Then S\^ G C((g, h)j). 

This theorem is the 'super' analogue of Theorem 5.4 in [DLM3] and the proof is the 
same. 

Now we study the g-expansion of S(v, r) for S G C(g, h) and v G V. As argued in 
[DLM3], the Frobenius-Fuchs theory tells us that S(v, r) may be expressed in the following 
form: for some p > 0, 

S(v,T) = it,(]ogqi) i S i (v,T) (5.9) 

i=0 

where 

6(i) 

s t (v,T) = Y / q x ^s i , 3 (v,r) (5.io) 

oo 

S^^^^a^v)^ (5-11) 

n=0 
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are holomorphic on the upper half-plane, and 

Kh^Kn (mod iz) (5.12) 

for ji 7^ j 2 where qi = e lmT l T and \j G C. Moreover, p is bounded independently of v. 

It is important to point out that the 1-point functions on the torus can be defined 
formally regarding q as a formal variable. That is, we identify elements of M(T, 7\) 
with their Fourier expansions at oo, which lie in the ring of formal power series C[[gj_]]. 

Similarly, the functions E 2 k(r), k > 1, are considered to lie in C[[q}}. The operator t^-J; 
acts on C[[g^]] via the identification = q-^- 
Then a formal (g, h) 1-point function is a map 

S : ViT,^) -> P 

where P is the space of formal power series of the form 

oo 

g A E«^ n/T (5.13) 

n=0 

for some A G C, and it satisfies the formal analogues of (2)-(4) in the definition of (g, h) 
1-point functions. Then as in [DLM3], each S(v,q) converges to a holomorphic function, 
we have 

Theorem 5.5 Assume that V is C^-cofinite. Then any formal (g, h) 1-point function S 
defines an element ofC(g,h), also denoted by S, via the identification 

S(v,T) = S(v,q),q = q T = e 2 ™. (5.14) 



6 Trace functions 

The goal in this section is to construct (g, h) 1-point functions which are essentially the 
graded /icx-trace function on gcr-twisted ^-modules. 

Let M = (M,Y M ) be a gci-twisted V-module and k G Aut(V). We can define a 
^(cr^A^-twisted V-module (k o M, Y koM ) so that k o M = M as vector spaces and 

Y koM (v,z) = Y M (k~ 1 v,z). 

M is called /c-stable if k o M and M are isomorphic. 

Recall from Section 4 that if M is a simple ga-module then there exists a complex 
number A such that 

oo 

M = 0M A+f (6.1) 

n=0 

(see (4.8)) where T is the order of g. In particular, if g — a then 

oo 

M = 0M A+s . (6.2) 

n=0 
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Let h G Aut(V) as before and assume that ha o M and M are isomorphic. Then g, h 
commute and there is a linear map 4>{ha) : M — > M such that 

0(<7/i)y M (u, z^iah)- 1 = Y M ((ah)v, z) (6.3) 

for all v G V. 

Lemma 6.1 If M is a simple ga-twisted V -module then g o M and M are isomorphic. 
In particular, any simple V -module M and a o M are isomorphic. 

Proof: We define a map <f)(g) on M such that <fi(g)\M x+n/T — e 2mn l T . Let o(ga) = T' and 
v G V r *, v G V s (see (4.1)-(4.2)). It is easy to verify that wtt> — ^ and ^ are congruent 
modulo Z. We immediately have (f)(g)Y M (v, z)4>(g)^ 1 = Y M (gv ) z) for all v G V. That is, 
M and go M are isomorphic. □ 

We remark that this result is different from a similar result in the case of vertex 
operator algebra where a simple g-twisted module M and g o M are always isomorphic. 
But this is not true in the super case. 

Now we introduce the function T which is linear in v G V, and define for homogeneous 
v £ V as follows: 

T(v) = T M (v, (g, h),q) = z wtv ti M Y M {v, z)<P{ah)q m ~^ (6.4) 

Here c is the central charge of V. Note that for m G ^, v(m) maps M M to M /1+Wt „_ m _ 1 . So 
we can write T(t>) as follows: 

oo 

T(v) = q x ~^ tT Mx+IL o(v)(j)(ah)q^ = tr M o(t;)0(a/ i )g L(o) -^ (6.5) 

n=0 T 

Here is the main result in this section. 

Theorem 6.2 Let V be C 2 -cofinite and g,h G Aut(V) have finite orders. Let M be 
a simple ga-twisted V -module such that h o M, a o M and M are isomorphic. Then 
TeC(g,h). 

By Theorem 5.5 it is enough to prove that T(v) defines a formal (g, h) 1-point function. 
Clearly, T{v) has the shape of (5.13). So we need to prove that T(v) satisfies (2)-(4) in 
definition 5.3. But (2) is clear, we are going to prove (3) and (4). 

Fix v G V such that gv = u~ l v, hv = A _1 t> and v\ G V. 

Lemma 6.3 T(v) = for (e v , fi, A) ^ (1, 1, 1). 

Proof: Let k G {g, h, a}. Since koM and M are isomorphic (see Lemma 6.1), then there 
is a linear isomorphism (f>(k) : M — > M such that (f>(k)YM(v, z)(f>(k) _1 = YM(kv,z) for all 
v G V. Normalizing 0(/c) we can assume that = 1 where t is the order of k. So we can 
decompose M into a direct sum of eigenspaces. Since g, h, a commute with each other, 
4>{ha) preserves each eigenspace. Since v is an eigenvector for k with eigenvalue different 
from 1, o(v) moves one eigenspace of <p{k) to a different eigenspace. As a result, the trace 
of o(v)(p(ha) on any homogeneous subspace M\ +n / T is zero. The proof is complete. □ 
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Lemma 6.4 T(u[0]ui) = for (u, A) = (1, 1). 

Proof: Consider 

tv M [v(wtv - 1), Y M ( Vl , z)]<t>{ah)q L ^- c ' 2i 
= tT M v(wtv-l)Y M (v u z) ( j ) (ah)q Lm ~ c/24 -e v ^tT M Y M (v u z)v(wt^ 
= tr M v (wtv - 1)Y M ( Vl ,z)4>{ah)q L ^- c ' u - e v , Vl e v tr M Y M (v, , z)<j)(o-h)q m - c/24 v(^v-l) 
= (1 - e t ,, t;i e l ,)trAfu(wtu - l)Y M ( Vl , z)<j)(ah)q L ^- c / 2 \ 

On the other hand 

tr M [v(wtv - l),F M K^)]0(^)g L(O) - c/24 
= trME ( WtV r %^- l - l Y M {v^v u z)<P{ah)q L ^ 2 ' 
= z-^T^Vx) 

Thus if v G Vg, or both v and v\ are in Vi, then e„ jt;i e„ = 1 and T(v [0]vi) — 0. If v G Vj, 
and t>i G Vg, then i>[0]t>i G Vj. By Lemma 6.3, we also have T(w[0]wi) = 0. □ 

Lemma 6.5 

oo 

J2Qk(t*,\T)®T(v[k-l]v 1 ) = 

k=0 

for (/x,A) ^ (1,1). 

In order to prove Lemma 6.5, we first define 2-point correlation functions. These are 
multi-linear functions T(vi,v 2 ) defined for v\,v 2 G V homogeneous via 

T(ui, v 2 ) = T((v 1: zi), (u 2 , z 2 ), (g, h), q) 
= zT vl z^tYY M ( Vll Zl )Y M (v 2 , z 2 )4>{ah)q L ^- c ' 2A . (6.6) 

We need the following sublemma. 

Sublemma 6.6 Let v,Vi G V be homogeneous with gv = /i _1 t>, hv = X^v and (//, A) ^ 
(1,1). T/ien 

oo 

7>, Vl ) = ]T AO*, A, -, g)T( V [A; - %) (6.7) 
fc=i z 

T( Vl , v ) = (-if A E ^(/i, A, -<?, g)T(t;[fc - l] Vl ) (6.8) 

k=l Z 

where is as in (2.6). 
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Proof: First we have the following identities: 



'1 - e vm e v Xq k )tr M v{wtv - 1 + k)Y M (vi, Zi)(f)(ah)q m 
i=0 \ 



= E ( wtv 1 + k ) r'n^K ^i)0(^)g L(o) (6.9) 



(1 - e^e.Ag^trMFM^ziMwto - 1 + A;)0(o-% L (°) 

= e,Ag fc f; f WtW ~. 1 + ^r-^-WM^W^i^i)^)^- (6-10) 
i=0 V 1 / 

The proofs of these identities are similar to that given in Lemma 8.4 of [DLM3] by noting 
the following 

tr M w(wto - 1 + k)Y M (v u z 1 )<j>(<rh)q m = tr M [w(wto -1 + k), Y M (v u 2i)]0((7% L(o) 
+e v , vl ti M Y M (v 1 , Zl )v(wtv - 1 + k)(f)(ah)q m , (6.11) 

v(wtv — 1 + k)<f>(ah) = e v \(f)(ah)v (wtv — 1 + k), 

and 

trY M ( Vl , z±)v (wtv -1 + k) (j)(ah)q L( - 0) = e v \q k trv(wtv -l + k)Y M (v u Zi)0((X% i(o) . (6.12) 
Use identities (6.9), (6.10) and the same proof of Theorem 8.4 of [DLM3] to obtain: 

T ( v , v i) = E P k(^ e v,v^v\ — , q)T(v[k - l]«i) 
fc=i z 

u) = e^A -1 E e^eA — q, q)T(v[k - l]v ± ). 

k=i z 

Again if e ViVl e v ^ 1 then T(v[k — l]v\) = by Lemma 6.3. So in any case we have 

oo 

T(v, Vl ) = E P k (fi, A, -1, q)T(v[k - l] Vl ) 
k=i z 

oo 

T(vi, v) = e v \-' E P k (fi, A, -q, q)T(v[k - l]v x ), 
k=i z 

as required. □ 

We are now in a position to prove Lemma 6.5. Recall the following equality about 
Bernoulli polynomials from [DLM3], Lemma 8.6. 

E -^v+ T - + \5,Mk ~ 1] = E + f ^ - !)■ (6-13) 
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Let m = wtv — \8v,i G Z in Proposition 2.3. Using (6.13) we have 

oo 

^2Q k (/i,X,q)T(v[k- l]vi) 



fc=0 
oo 



k=l 

oo 



£ Res, ( (z - z 1 )- l z?^~^ 1 z- m+ $ +1 ^P k (», A, — , q) ) 7>[A; - 



-A £ Res, ((- Zl + z)" 1 ^ ^ ^z-^+^P^, A, ^, g)) - %) 

fc=i v 2 / 



00 /£._!_ I/f \ 

-Err 1 w-ih 

i=o V 4 / 
On the other hand, by (4.4), 

i=0 \ 4 / 
00 / r 1 1 



i=0 

£ T 2 M Ur^^Res^^z-zO^tryM^^^-^)^,^)^^)^/ 24 



r 1 1 r 

^,1 



= Res z - Z1 L ZUZ - Zl 2 "'>-^" 1 ^r^ Wl tryAf(y(u^-^i)ui^i)0(<7/i)g L ^/ 24 

= Res z i z , zi (z - z^i^-Z-^T^Vi) 

z 

z 

which by Sublemma 6.6 is equal to 

£ Res z L z , Zl (z - Zl )-\^-T- 2 ^p k ^ X , A q)T(v[k - %) 
k=i z z 

00 Z 1 - z 



Again, if v e Vg or both t>,t>x e V| then e VjV1 e v = 1 and the result follows. If v e Vj and 
i>i € Vg, the result follows from Lemma 6.3. □ 

Lemma 6.7 //(//, A) = (1,1), £/ien 

00 

7>[-2K) + £(2fc - l)£ 2fe (r)T(t;[2A; - 2]^) = 0. 

k=2 
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Sublemma 6.8 Let v,vi e V be the same as in Lemma 6.7. Then 

00 z 

T(v, Vl ) = tr M o(^)o(^ 1 )0( ( 7/i) g i ^-^ + E p k(h 1, q)T(v[k - l] Vl ) (6.14) 

k=i z 

T( Vl , u) = tr M oK)o(t;)0(a% L ( o )-£ + e„A ]T P k (l, 1, -g, g)T(u[A; - %) (6.15) 

fc=i z 

where P k is defined in (2.6). 

Proof: We only prove (6.14) and (6.15) can be proved similarly. By (6.9), (3.7) and 
(3.10) we have 

T(v, vi) = z^ v zT Vl ^Y M {v,z)Y M {v l ,z 1 )(t>{ah)q L ^-^ 

= z wtv zf Vl trJ2z~ k ~ wtv v(wtv - 1 + A;)F M (t; 1 ,z 1 )0((T/ i )g L(o) -^ 

fcez 

= z™ tv Hro(v)Y M (v u Zl )<P{ah)q L{ V~^ 

+z? Vl E *~* k f ( Wt ^ 1+fc )zr'nr7 M (,(i), 1 ,z 1 )^)^ 

= z^tio(v)Y M (v l} Zl )<j>(<Th)q L( - 0) -™ 

7 00 i 

+ E |(-)^l-e B>w c 9 fc )- 1 X;E c (^ i » w ») fcmT ( w ( i )«i) 
fcez-{o} ^ i=0 m=0 

= zr tol tro(^)y M ( Vl , ziWah)^-* 

00 i 

+ E E ^+1(1,^1^, — ,g)m!c(wtu,i,m)T(u(i)ui) 

i=0 m=0 Z 

00 

= tro^o^)^^)^ ^ 24 + £ P m+1 (l, e v , vi e v , A g)7>[mK) 

m=0 Z 

00 Z 
= troivHvMa^q^-^ + e v , vi e v , -, g)T(u[A; - l] Vl ) 

k=i z 

Using Lemma 6.3 and discussing the values of e V;V1 e v give the result. □ 
Sublemma 6.9 We have 

00 

= tro(v)o(t; 1 )0( ( T/i)g z ' (o) -^ + ^ £ 2m (r)2>[2m - l] Vl ). 

m=l 

Proof: If e^^e,, 7^ 1 then both sides of the equation are zero by Lemma 6.3. So we now 
assume that e v>Vl e v = 1. Write v[— l]i>i = Si>-i Civ{i)vi with c_i = 1. Then 

T{v[-l]v l )= ]T c i ^ +wtol " i_1 try M (v(i)v 1 ,z 1 )0((7/i) g L ^-^ 

i>-l 

= E c l zr +wtel - l - 1 Res 2o ^trF M (F(t;,zo)t; 1 ,z 1 )0(^)g L ( )-^ 

i>-l 

= ]T c l z] vto+wtol - i - 1 Res 2o 4Res z (^^)5^.HrX0((T/ i )g L(o) -^ 

i>-l z 
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where 



X = z 1 5( -)Y M (v, z)Y M (vi, zi) - e VjVl z 1 5( — )Y M (vi, zi)Y M (v, z). 

Zq —Zq 



Thus 

T(v[-l] Vl ) = ]T CiZ^^Res^f^Az^'^z-^ 1 -^ ■ 

i>-l j>0 V 3 ) 

{(z - z 1 ) i+j T(v : v 1 ) - e v , Vl (- Zl + z) i+j T(v u v)}. 
Now replace T(v,Vi) and T(v 1: v) with (6.14) and (6.15) respectively and note that 
tr M o(wi)o(v)0( ( T/;,)g L(o) -^ = e v ti M o{v)o{vi)(t){ah)q m '^ . 
Then T(v[— l]i>i) can be written as 

= (a) + (6) (6.16) 

where 

(a) = Res^^+^-^i-wtoj^ _ Zi yi + ^ _ z )- 1 }tro(v)o(t; 1 )0(a/i)g L(o) - c/24 
= Res z Zi3*«.i +wtt, ^-3«o.i-wt« z -i ( j ^ tro(v)o( Vl )<j)(ah)q m -^ 
= tro(v)o(wi)0((X% L(o) ~^ 
(we have used the fact that \5v,i + wtt> is always an integer here) and 

(b) = J2 E c * Res * E r Zl wto +^.i- i -H z -^,i-wt«» 

fc=li>-l j>0 \ 3 / 

{(z - Zl ) i+ ip k (l, 1, ^, g) - (-^ + z) i+ ip k (l, 1, ^ g)}T( W [A; - l] Wl ). 
From the proof of Proposition 4.3.3 of [Z] we see that 

oo 

(b) = Y / E2k(q)T(v[2k-l]v 1 ). 
k=i 

This completes the proof. □ 

Lemma 6.7 now follows from Sublemma 6.9 (see the proof of Proposition 4.3.6 of [Z]). 
We also need the following Lemma whose proof is contained in [Z] by using Sublemma 

6.9. 

Lemma 6.10 If v e V satisfies <jv = gv = hv = v, then 

oo 

S(L[-2]v, r) = dS(v, r) + E E 2l (r)S(L[2l - 2]v, r) 

1=2 

where 

dS(v, r) = d k S(v, r) = ^^S(v, r) + kE 2 (r)S(L[2l - 2}v, r) 
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Theorem 6.2 follows from Lemmas 6.3, 6.4, 6.5, 6.7 and 6.10. 

Here is another important theorem whose proof is similar to that of Theorem 8.4 of 
[DLM3]. 

Theorem 6.11 Let M 1 , M 2 , ... be inequivalent simple ag-twisted V -modules such that 
koM', ooM % and M % are isomorphic. LetTi,T 2 , ...be the corresponding trace functions 
(6.4). Then Ti,T 2 ,... are linearly independent elements ofC(g,h). 

7 Existence of twisted modules 

Although we have the definition of twisted module, but we do not know if there is an 
irreducible g-twisted ^-module for a finite order automorphism g of V. The main result 
in this section gives a positive answer to the question. 
Let g,h G Aut(V) commute and have finite orders. 

Lemma 7.1 Let v G V satisfy gv = ji~ l v, hv = A" 1 !". Then the following hold: 

(1) The constant term of J2kLo Qk{fi, A, q)v[k — l]w is equal to —v o ag w if fi ^ 1. 

(2) The constant term ofJ^kLo Qkin, A, q)(L[— l]v)[k — l]w is equal to —vo ag w if ji = 1, 
A / 1- 

(3) The constant term ofv[— 2}w+ X^ 2 (2& — ^)E2k{ ( l)v[2k — 2]w is vo ag w if /i = A = 1. 

Proof: The proof is same as that of Lemma 9.2 in [DLM3] by noting that A ag (V) is 
defined by using the decomposition of V into a direct sum of eigenspaces of cr(ag) = g. 
□ 

Theorem 7.2 Suppose that V is a simple VOSA which satisfies condition and that 
g G AutV has finite order. Then V has at least one simple g-twisted module. 

Proof: Since g is arbitrary, it is enough to prove that there exists a simple gcr-twisted- 
module. By Proposition 4.8, it suffices to prove that A ag (V) ^ 0. 

First we show that if C(g, h) ^ for some finite order h G Aut(V) which commutes 
with g then A ga (V) is nonzero. As in [DLM3] we take nonzero S G C(g,h). Then there 
exists positive integer p such that (5.9)-(5.12) hold for all v G V with S p ^ 0. We define 
a partial order on C as follows: A > ji if A — /i G ^ for some nonnegative integer > 0. We 
can arrange the notation so that X p>1 is minimal among all A PJ - with respect to the partial 
order and a Pj i t0 (v) ^ for some v G V. Then 

oo 

S p>1 (v, r) = a(v) + J2 * P ,i,n{v)q n,T (7.1) 

n=l 

defines a function a : V — > C which is not identically zero. Because S(v,t) is linear in v, 
a is a linear function on V. Furthermore, a vanishes on O ag (V) (see the proof of Lemma 
9.3 of [DLM3]). Thus A ga (V) is nonzero. 
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Since V is a simple ^-module by the assumption, T(v) = tr v o(v)gaq L ^~ c / 24: defines 

a nonzero element in C(a,g) by Theorems 6.2 and 6.11. Since ^ ^ ^ ^ induces a 

linear isomorphism between C(a,g) and C(g,a) by Theorem 5.4. In particular, C(g,a) is 
nonzero. The proof is complete. □ 

8 The main theorems 

Recall Theorem 6.11. In the case V is ga-rational, we can strength the results obtained 
in 6.11. 

Theorem 8.1 Suppose that V is a g -rational and C2-C0 finite. Let M 1 , M m be all 

of the inequivalent, simple ag-twisted V -modules such that h o M\ o o M % and M l are 
isomorphic. Let T 1? ...,T m be the corresponding trace functions defined by (6.4). Then 
Ti,...,T m form a basis ofC(g,h). 

Remark 8.2 In the proof of Theorem 8.1, we only use a consequence of a g -rationality of 
V - A ag (V) is finite dimensional semisimple algebra instead of a g -rationality ofV itself. 
So we can replace the o g -rationality assumption by the semi- simplicity of A ag (V). 

We begin with an arbitrary function S G C(g, h). We have already seen that S can be 
represented as 

S(v,T) = j2(logqi) i S i (v,r) (8.1) 

i=0 

for fixed p and all v e V, with each Si satisfying (5.10)-(5.12). Then Theorem 8.1 follows 
from the following propositions 

Proposition 8.3 (1) Each Si is a linear combination of the functions Ti, ...,T m . 
(2) Si = ifi > 0. 

Using the proof of Proposition 10.5 in [DLM3] we can show that Proposition (2) follows 
from (1). So we only need to prove (1). 

We assume the setting in Section 7. In particular, S p 7^ 0, each S p j 7^ 0(5.10), and 
a : V — > C vanishes on O g (V) which induces a linear function 

a : A ga (V) -> C. 

Lemma 8.4 Suppose that u,v G V and satisfy hu = pu, hv = Xv, p, A G C. Then 

a(u * ga v) = e u>v p5 paA a(v * ga u). (8.2) 

Proof: Let gu = £u and gv = vv for scalars £, v. If ^ or v is not equal to 1 then u (resp. 
v) lies in O ga (V) by Lemma 3.1 of [DZ]. This implies that u * ga v and v * ga u are zero by 
Theorem 3.3 of [DZ]. 
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We now assume gu = u,gv = v. It is clear that u * g v is an eigenvector for h with 
eigenvalue pX. If pX ^ 1 then u * g v and v * g u lie in 0(g, /i) by (5.3). Then S^w * 9cr t>) = 
S{y* gu u) = by (C3). This leads to both sides of (8.2) being 0. So finally we can assume 
that pX = 1. 

Recall the decomposition (4.1). Then u,v G V°. By Lemma 3.3 of [DZ], 
u * 9 a v - {-l)™v * g<7 u = Res z Y(u, z)v{\ + z ) wtu ^ (mod 0(V°)). 

By (3.11) 

u * g<7 v - {-lf% v« = E ~ ^utyv = u[0]v (mod 0(V°)). (8.3) 

Since O(V ) C O ga (V), u[0]v G 0(g,h) if p = 1 by (5.1). Thus a(« * flC7 u - e u , v v * ga u) = 
ifp=l. 

We now deal with the case p ^ 1. From the proof of Lemma 9.2 of [DLM3], we see 
that the constant term of 

oo 

^2Qk0-,P~ 1 ,q)u[k - l]v 

k=0 

is 

-u * gcT v + ^ - — u[0]v. 
The vanishing condition of S on J2T=o QkO-, P" 1 , q)u[k — l]v e 0(g, h) yields 

a(-u * 3 v) = —a(u[0]v). 

Using (8.3) gives the desired result. □ 

Lemma 8.5 Suppose that u,v G V with hau = p'u, hav = X'v, p', X' G C. Then 

a(u * ga v) = p'5 p , x >,ia(v * ga u). (8.4) 

Proof: We still assume that hu = pu, hv = Xv. Then p' = e u p and A' = e v X. By Lemma 
8.4 we have 

a(u * ga v) = e U)V e u p'5 euevP ' X ',ia(v * ga u). 

If e u e v = —1, then a(u* ga v) = —u* ga v. By (5.3),both u* ga v and v* ga u lie in 0(g, h). 
This implies that S(u * ga v) = S(v * ga u) = 0. As a result, both sides of (8.4) are equal to 
0. If e u e v = 1, then e U)V e u = 1 and (8.4) still holds. □ 

The rest of the proof of Proposition 8.3 (1) follows from the argument given in Section 
10 of [DLM3]. 

As in [DLM3] we have important corollaries. 
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Theorem 8.6 Suppose that V is rational and C2-cofinite. 

(1) If the group (g,h) generated by g and h is cyclic with generator k. Then the 
dimension ofC(g,h) is equal to the number of inequivalent, k,a-stable, a-twisted simple 
V -modules. 

(2) The number of inequivalent, a -stable simple g-twisted V -modules is at most equal 
to the number of g, a -stable, simple V -modules, with equality ifV is g-rational. 

The proof is the same as that of Theorem 10.2 in [DLM3] by using Lemma 6.1 and 
Theorem 8.1. 

As in the theory of vertex operator algebra, a simple vertex operator superalgebra V 
is called holomorphic in case V is rational and if V is the unique simple V-module. 

Theorem 8.7 Suppose that V is holomorphic and is Ci-cofinite. For each automorphism 
gofV of finite order, there is a unique a -stable simple g-twisted V -module V(g). Moreover 
if (g, h) is cyclic then C(g, h) is spanned by T V ( ag )(v, g, h, q). 

It is proved in [Z] that if a vertex operator algebra V is rational and ^-cofinite, 
then the space spanned by T M (v,q) = tr M o(v)q L( -°^ c ^ 24: with M running through the 
inequivalent simple ^-modules admits a representation of the modular group T. But 
this is not true anymore in the present situation. In fact, if V is holomorphic such 
that V\ 7^ 0, then the character tryg L( ^~ C//24 of V is not an eigenvector for the matrix 

T = ^ q | ^ . Here is the corresponding result for the vertex operator superalgebra, 

which is an immediate consequence of Theorems 6.2 and 8.1. 

Theorem 8.8 Let V be a-rational and C 2 -cofimte VOSA. Let M 1 , M m be all of the 

inequivalent, simple a-twisted V -modules such that a o M % and M % are isomorphic. Then 
the space spanned by 

T t (v,r) = T t (v, (1, l),r) = tv M ,o{v)<P{a) q L ^ c ' 2i 

admits a representation of the modular group. That is, for any 7 = ^^ rf^^"^ there 
exists a m x m invertible complex matrices (7^) such that 

T l (v,^-) = (cr + dr± llJ T J (v,r) 

CT "T U J=l 

for all v G Vj n j. Moreover, the matrix (7^) is independent of v. 

Finally we discuss the rationality of the central charge c and the conformal weights 
of a g-twisted module under certain conditions. Let M be a simple g-twisted V^-module. 
Recall from (4.8) that M is direct sum of L(0)-eigenspaces 

00 

M = M x+n/T , 

n=0 

for some A G C such that M x 7^ 0. The A is called the conformal weight of M. 
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Theorem 8.9 Assume that V is C2-cofinite and g G AutV has finite order. Suppose that 
V is a % gi -rational for all integers i,j. Then each o-stable simple a 1 g 3 -twisted V -module 
has rational conformal weight, and the central charge cofVis rational. 

The proof of this theorem is the same as that of Theorem 11.2 in [DLM3] (also see 
[AM]) using Lemma 6.1. 



9 Modular invar iance over Fq 

In order to get the modular invariance over the full modular group T we only considered 
the a-stable twisted modules in previous sections. In this section we remove the cr-stable 
assumption. But we have a modular invariance over the Tg instead of the full modular 
group T as in [H]. Since the proofs of most results in this section are very similar to those 
given in the previous sections and [DLM3] we present the results without proofs. 

Recall that G is a finite automorphism group of V. Let g G G and M a simple g-twisted 
^-module. Also recall M o h for h G G. Let G M = {h G G\M oh = M} be the stablizer 
of M. Then M is a projective module for G M , denoting by (f> the projective action. For 
h G Gm and v G V set 

F M (v, (g, h),q) = tr M o(v)<P(h)q m - c/24 - 

Theorem 9.1 Let V be a rational and C 2 -cofinite vertex operator superalgebra. 

(1) If g is an automorphism of V of finite order then the number of inequivalent, 
g-stable, simple g-twisted V -modules is at most equal to the number of g-stable simple 
untwisted V -modules. If V is g-rational, the number of inequivalent, g-stable simple g- 
twisted V -modules is precisely the number of g-stable simple untwisted V -modules. 

(2) Let g G AutV have finite order. Suppose that V is g % -rational for all integers 
i. Then each g-stable simple g l -twisted V -module has rational conformal weight, and the 
central charge cofVis rational. 

(3) Let G be a finite automorphism group ofV. Let g G G and M a simple g-twisted V- 
module and h G Gm- Then the trace function Fm(v, (g, h), q) converges to a holomorphic 
function in the upper half plane fj. 

(4) Assume that V is x-rational for each x G G. Let v G V satisfy wt[v] = k. Then 
the space of (holomorphic) functions in f) spanned by the trace functions F M (v, (g,h),r) 
for all choices of g,h in G and h-stable M is a (finite- dimensional) T e -module. That is, 

2/7=^^ ^ j G then we have an equality 

F M (v, (g,h),^^) = (cr + d) k J2lM,wF w (v,(g a h c ,g b h d ),r), 
cr + a w 

The statements (3) and (4) are exactly the same as in [DLM3] for vertex operator 
algebras except that we use the group T e here instead of T in [DLM3]. In the case G — 1, 
Parts (3) and (4) have been obtained previously in [H]. 
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10 Examples 

In this section we will use the examples in [DZ] (cf. Theorem 7.1, propositions 7.2 and 
7.4) to show the modular invariance. So we are working in the setting of Section 7 of [DZ]. 
In particular, H is a vector space of dimension / which we assume to be even, V(H, Z+ 1) 
is a VOSA with central charge c = | and l^(if, Z) is the unique irreducible a-twisted 
module. We are going to study the trace functions T(l, (<r l , cr 7 ), g) which is the graded 
a j+1 — trace on the irreducible (j* +1 -twisted module for V(H, Z + |) for i, j = 0, 1. 
We first recall the important modular form 

v(T) = q*U(l-q n )- 

n>l 

The trace functions in our examples can be expressed as rational functions in f](r). Let 
S — ^ ^ q ^ and T = ^ q j ^ be the standard generators of SX(2,Z). Then 

??(— ) = (-ir)^(r) 
r 

and 

r/(r + 1) = e 12 77(7-). 

Note that the conformal weight of V^if, Z) is A = ^. It is easy to compute that 
T(l, (1, 1), r) = trv^^W-A = ^ (1 + II ( l ~ ?")' = 

m=l n>0 

T(l, (1, a), r) = tr mz) ^°)-A = 2'V g (1 + ?")' = 2 i/2 [^]' 

n=l ^V T / 



77(7-/2). 



T(l, (a, l),r) = V^-A = „-* - <? n+ ^ = t^ZTT 

n=0 ' M ' 

T(l, (a, a), r) = trv^i^-A = ? _i fl (1 + 9 



00 

" 

n=0 



n=0 



V (r/2)rj(2ry 



The modular transformation law then gives the modular transformation property of func- 
tions T(l, (a\a j ),r) for i,j = 0,1 : 

T(l, (a\ ^), ^±^) = 7iJ T(l, (a ai+c i, a b ^),r) 

for some constant jij G C where 7 = ^ ° ^ ^ G SX(2,Z). The result matches what 

Theorems 5.4 and 8.1 assert. 

Here is another example. We still take V to be V(H, | + Z) with / = dim if being even. 
Let g be an isometry of H such that = —h 2) g{h 2 ) = —hi, g{h\) = —h 2 , g{h 2 ) = —h\. 
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And g(hi) = —hi, g(h*) = —h* fori = 3, • • • 1/2 where {hi, h\j 2 , h\, h*, 2 } is a basis 
of H such that (hi, hj) = (h*, h*) = and (hi, h*) = 5 it j. Then go interchanges h\ and h 2 , 
hi and h\, and leaves other hi, h* invariant. Then we have 

H = H°* © H 1 *, H = H°($H 1 
where ga\ H i* = (—1)* and g\ H * = (—1)*. It is easy to see that 

1-2 

H°* = c(/n + h 2 )®C(hl + h* 2 ) ©©(C/ij + Ch*), 

J'=3 

^ 1 * = c(/n-^ 2 )©c(/i;-^), 

and if = iJ 1 *, iJ 1 = if *. Note that g is lifted to an automorphism of the vertex operator 
superalgebra V(H, Z + |) in an obvious way. 
By proposition 7.4 in [DZ], 

M = A[(/ii - h 2 )(-n), (h\ - h* 2 )(-m), h(-m - \)\n,m e Z,n > 0,m > 0, h <E H 1 ] 

is the unique irreducible ga-twisted V(H,Z + |)-module whose conformal weight is |. 
Thus 

T(l,(g,a),r) = tT M q L ^ 
= (dimM n+ i)g-^ 

= 2[ n ( l + Q n )} 2 [ II (l + q n+ ^)t 2 q 1 ^ 

0<n€Z 0<n£Z 



^0") J L 77(i)77(2T)- 
77(r) 2 '- 6 



iy(2r)'A(i) 



-2 ' 



T(l, (<7,</),t) = tT v{HtZ+1 _ )g( rq L ^-^ 
= E ( tr v(tf,z+i)„^)? n ~* f 



2 > 



n (i-^)] 2 [ n (i+? n+4 )] , -v A 



0<nGZ 0<nSZ 



19 19 r ? (i)r ? (2r) J 9 



?7(r 



,2i— 6 



v ay-^(2Ty- 2 ' 
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and 



T(l,(g,ga),r) = tT M gq L ^--s 



0<n£±Z 



= 2qhis[ J] (l + g«)] 2 [ J] (l"<f + ¥ 

0<n£Z o<nez 



77(1-) ^(r) 

2/ 



Then 



?7(r)' 

^(-1)21-6 



T(l,(g,a),Sr) = 2 
= 2 



^(-f)^(if)'- 2 



-iT/2)^ri(^y- 4 (-i2Ty-^ri(2Ty- 2 



,2/-6 



2/i ^(|)^(2r)'~ 2 
where /x is a root of unity. This implies that 

T(l, (<?, a), SV) = 2/iT(l, («?, (7)5, r) = 2//T(l, (a, <?), r). 
Using the fact that 

„(I±l) =Ty (r) ^ (T)2 
^ 2 J V[ \(iM2r) 

we have 

T(l,( ff ,a),rr)=T(l,( ff , ( T),r + l) 

r ? (2(r + l))'- 4 r ? (^y- 2 
= 2 ^(r) 2 ^ 6 ^(|)^(2r)^ 2 

%(2r)^ 4 ^(r) 2 '- 4 
_ 2 ^(2r)Vj Y~ 2 

7](T) 1 

for some root of unity v. Since (g,a)T = (g,ga), we see that 

T(l,(g,a),TT) = vT(l,(g,ga),T). 

This again verifies Theorems 5.4 and 8.1 in this special case. The reader could determine 
T(v, (h, k),r) for other vector v G V in these two cases, but the computation will be more 
complicated and difficult. 
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